Abstract. Dilute ultracold quantum gases form an ideal and highly tunable system in which superfluidity can be studied. Recently quantum turbulence in Bose-Einstein condensates was reported [PRL 103, 045310 (2009)], opening up a new experimental system that can be used to study quantum turbulence. A novel feature of this system is that vortex cores now have a finite size. This means that the vortices are no longer one dimensional features in the condensate, but that the radial behaviour and excitations might also play an important role in the study of quantum turbulence in Bose-Einstein condensates. In this paper we investigate these radial modes using a simplified variational model for the vortex core. This study results in the frequencies of the radial modes, which can be compared with the frequencies of the thoroughly studied Kelvin modes. From this comparison we find that the lowest (l=0) radial mode has a frequency in the same order of magnitude as the Kelvin modes. However the radial modes still have a larger energy than the Kelvin modes, meaning that the Kelvin modes will still constitute the preferred channel for energy decay in quantum turbulence.
Introduction
Quantum turbulence [1] (QT) was achieved in ultracold atomic gases [2] by shaking the condensate in conjunction with rotation [3] or by rapidly sweeping a laser beam through the condensate [4, 5] . Since ultracold quantum gases are highly tuneable [6] in comparison to superfluid helium (interaction strength, number of particles, type of trapping, dimensionality, . . . ), the realization of QT in these gases opens up new opportunities for this field of study. One example of the new opportunities offered by quantum gases is the fact that it is now possible to investigate QT in a two dimensional (2D) Bose-Einstein condensate (BEC) [7] .
Before the experimental realization of ultracold gases, QT was extensively studied in superfluid helium [8, 9, 10] , where it was discovered already 50 years ago [11] . In these studies it became apparent that QT is characterized by the appearance of singly quantized vortices that are distributed in a tangled way [8, 12, 13] . These vortices appear as a consequence of the Kolmogorov decay [14] which causes larger eddies to break up into singly quantized vortices. How the energy further dissipates from the tangled series of quantized vortices has not yet been experimentally observed. It is theorized that the further dissipation of these tangled vortices happens via vortex reconnections and ultimately the excitation of the axial Kelvin waves [15, 16, 17] of the vortex line, leading to an energy dissipation via phonons and rotons [15, 18, 19] . These Kelvin waves were also experimentally observed in a lattice of vortices in a BEC [20] .
In superfluid helium the size of the vortex core is in the order of nanometers [21] . In order to get an observation of the vortex flow experimentally micron-sized [22] and even sub-micron sized [23] solid hydrogen trackers are used. In ultracold gases however the vortex core has a size in the order of fractions of micrometers [24] , which yields a typical condensate size to vortex core size ratio of 10-50. Observing a vortex core in ultracold gases is typically done by imaging the condensate after expansion, using tomographical methods [25] for 3D reconstruction, or in situ methods [26] .
In the present article, the starting idea is the fact that in ultracold atomic gases the size (healing length) of the vortex core is not negligible with respect to the condensate size. The fact that the size of a vortex core in an ultracold gas is non-negligible, yields new effects for the dissipation of energy in the mechanism of QT. The excitations for finite-sized vortex cores that are explored in this article are the radial oscillation modes. This oscillation mode yields an additional way, next to Kelvin modes, for energy to be dissipated by the movement of the vortex core.
Theoretical description
In order to describe Bose-Einstein condensates (BECs) the standard Gross-Pitaevskii theory [27, 28] is used. The condensate wave function Ψ (r, t) is described in the hydrodynamical picture:
using the real valued density n(r, t) and phase S(r, t) fields. To consider density fluctuations, this description is most useful. The velocity field is obtained from the phase field using v(r, t) = m ∇S(r, t). The magnitude of the velocity vector field v(r, t) is denoted by the scalar field v(r, t).
The system that will be studied is a BEC in a cylindrical box potential with height H and radius R cond . These homogeneous BECs can also be realized in experiments [29] . Using the hydrodynamic description, the kinetic and interaction energy of the homogeneous superfluid confined in r ∈ [0, R cond ], z ∈ [0, H] are given by respectively [30] :
where g = 4π 2 as m , with a s the s-wave scattering length and n ∞ the homogeneous bulk density. In order to calculate the different energies an analytical variational form is used for the superfluid density n(r, t) and the velocity field v(r, t). Important to note is that the energy equations (2) only hold when the condensate size R cond is large enough compared to the condensate healing length ξ.
Describing the single-vortex structure (unperturbed)
Since the vortex core structure n(r) has no analytical solution, even in the simplest (unperturbed, cylindrical symmetric) case, a variational function is commonly used in order do derive analytical results. A commonly used variational model is the hyperbolic tangent which yields an accurate fit for the vortex core structure [31] . In this work a simple cylindrical hole of the form [32] 
is used, where R v is the size of the vortex core. This model yields the same energy as the hyperbolic tangent variational model up to an additive constant [33] . This means that the variational model (3) yields accurate results if 1 R cond >> R v . This has only been investigated for the (radial) ground state configuration, and not for the excitations. Nevertheless, the simplicity of the model allows for analytic solutions that can serve as a benchmark for future improvements of the model. Note that also H >> ξ for the variational model (3), otherwise also the edge effects in the z direction will play a more important role. The velocity field of a single (singly quantized) vortex is given by:
The variational parameter for the above vortex model (3) is the vortex radius R v . Minimizing the energy of the non-perturbed vortex it can be shown that a minimal energy is achieved when:
where ξ is the healing length of the condensate. Around this energy minimum all of the considered radial vortex core oscillations will be expanded.
Adding perturbations to the single-vortex structure
Combining the fact that the flow of a BEC is irrotational [34] (∇ × v(r, t) = 0) and that the variational model (3) leads to an incompressible flow (∇ · v(r, t) = 0), the equation of motion for the BEC velocity field can be derived. The BEC velocity can be described by a velocity potential φ(r, t), obeying a potential equation ∇ 2 φ(r, t) = 0. Solving the above potential equation in cylindrical coordinates, using the boundary condition v(r → ∞, t) = 0, results in the velocity field is given by:
where the integer l labels the different oscillation modes andȦ l (t) is the integration constant (fixing the size of the l th mode). In principle 2 we should have a linear combination of cos(lθ) and sin(lθ) for the angular dependency. However for our calculations the relative phase between the different l modes will not play a role since we will be looking at small perturbations. The modes can thus be seen as a set of non interacting 3 harmonic oscillators. Important to note is that the true boundary conditions for the velocity field of the system is given by v(r → R cond , t) = 0, however in practice the value of R cond is chosen to be large enough so that the boundary condition mentioned above can be implemented.
Describing the radial oscillations
In order to now introduce the radial oscillations of the vortex core, the vortex core radius (for a given mode l) is written as:
with R v the equilibrium case (5) and δR l (θ, t) the deformation of the vortex core due to the l th oscillation mode. The deformation of the vortex core δR l (θ, t) can be derived from the velocity field using:
The velocity field in (8) is evaluated in r = R v , this can be done since for the perturbations r = R v + δR l and R v >> δR l . Since for the stable vortex, the velocity field lies along e θ , this flow will not deform the vortex core. Using the velocity field (6), the deformation of the vortex core is given by (8) :
Combining (9) and (7) then yields the deformation of the vortex core:
Results
Using the description of section 2 for the perturbed vortex core with radial oscillations, the total energy can be calculated using equations (2) . Given the total energy it is possible to derive the frequencies of the different oscillation modes. The obtained frequencies can then be compared with the known frequencies of the well studied Kelvin modes.
Energy and frequencies of the radial oscillation modes
The total energy of the vortex core, containing radial perturbations in the vortex core radius can now be calculated by substituting (3) in (2), using (10) for the vortex radius R v . Since the mode l = 0 (the breathing mode) will lead to logarithmic divergences, this energy should be calculated separately. Calculating the energies of the vortex core with a radial perturbation yields:
where E (0) is the energy of the unperturbed vortex:
In order to now determine the frequencies of the different oscillation modes, we can either write down the Hamilton-Jacobi equations, or compare (12) to the Hamiltonian of the harmonic oscillator for A(t) (since we expanded A(t) only up to second order). The frequencies of the oscillation modes are then given by:
where c = √ 2mξ is the speed of sound. Note that in the limit ξ → 0 (also using (5)) all frequencies (13) go to infinity, making these oscillation modes energetically inaccessible. For increasing values of ξ all of the frequencies (13) decrease.
The axial Kelvin modes (or kelvons)
The Kelvin modes (or kelvons) have already been extensively studied in BECs. To ensure the vortex is confined by an infinite potential well, Dirichlet boundary conditions are imposed, resulting in a quantization of the wavenumber for the Kelvin modes:
The Kelvin modes have a characteristic long-wavelength dispersion relation given by [16, 35, 33] :
where for the last equation the quantization condition (14) was used. The long wavelength approximation for the Kelvin modes breaks down when the wavelength of the Kelvin modes becomes comparable to the healing length. As variations in the condensate wavefunction must occur on length scales larger than the healing length (in order to be collective excitations), this length scale sets an upper bound on the allowed k n values (14) (and thus n values):
Note from (15) that the frequencies (and thus the energies) of the Kelvin modes become smaller as the condensate height H increases.
Comparison of the radial oscillation modes and the axial Kelvin modes
The energies of the Kelvin and radial modes can be compared by comparing their frequencies, in other words by solving ω l = ν n . When both frequencies are equal, a resonance between the two different oscillation modes will occur. In order to further simplify the calculations, the dimensionless variables
can be used, where h is the dimensionless condensate height and x is the dimensionless inverse condensate radius. Note that x ∈ [0, 1] and according to (16) can be plotted, this is done in figure 1 . In figure 1 the dimensionless radius x (17) is constrained to the interval [0, 0.2]. The reason for this constraint is that the model for the vortex core (3) is only valid for a small vortex radius (compared to the condensate radius). On figure 1 the typical vortex to condensate size ratio's for a vortex in a BEC (x ∈ [1/50, 1/10]) are indicated by a shaded area. As can be seen, in this range of x values, the radial modes will not show a resonance with the Kelvin modes. Note however that in this x range, the frequencies of the lower radial modes and the Kelvin mode are in the same order of magnitude.
Conclusions
From our calculations it can be seen that the radial modes for the vortex core will show no resonances with the Kelvin modes within the typical BEC setup (R cond /R v ∈ [10, 50] ). This can be seen in figure 1 , where the frequencies of the radial and Kelvin modes are plotted in terms of condensate height and radius.
This means that for low energy decay, even in ultracold gases where the vortex core has a finite size, the Kelvin modes will still have a preferred role. Note that although a strict resonance between the lower radial modes and the Kelvin modes is not possible, both modes have a frequency within the same order of magnitude. This means that including the radial modes may result in a (small) correction when included in calculation.
From figure 1 it might be tempting to state that in superfluid helium, where the vortex radius is practically zero, a resonance between the radial and Kelvin modes might be possible. Note however that liquid helium (with 4 n|a s | 3 ≈ 0.5 − 2500) is not a dilute superfluid (where n|a s | 3 << 1 should hold). This means that the (mean field) s-wave scattering potential used in (2) no longer yields an accurate description of the problem. The mean field GP description used here is no longer appropriate for superfluid helium, meaning that no conclusions can be drawn for liquid helium from figure 1.
Finally it can be noted that the above study does not take finite temperature effects into account. For a finite temperature it is to be expected that both the Kelvin and radial mode energies are broadened over an energy interval of the size k B T . This thermal blurring will lead to a (slightly) larger region in which both oscillation modes can couple.
